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Abstract
We investigate the effect of electron-electron interactions on Aharonov-Bohm (AB) current oscillations in nanorings formed
by a chain of metallic quantum dots. We demonstrate that electron-electron interactions cause electron dephasing thereby
suppressing the amplitude of AB oscillations at all temperatures down to T = 0. The crossover between thermal and quantum
dephasing is found to be controlled by the ring perimeter. Our predictions can be directly tested in future experiments.
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1. Introduction
Coherent electrons propagating along different paths
in multiply connected conductors, such as, e.g., metal-
lic rings, can interfere causing a specific quantum con-
tribution to the system conductance δG. Threading the
ring by an external magnetic flux Φ one can control the
relative phase of the wave functions of interfering elec-
trons, thus changing the magnitude of δG as a function
of Φ. The dependence δG(Φ) turns out to be periodic
with the fundamental period equal to the flux quantum
Φ0 = hc/e. These Aharonov-Bohm (AB) conductance
oscillations represent one of the fundamental low tem-
perature properties of meso- and nanoscale conductors
[1].
In diffusive conductors electrons can propagate along
numerous different paths picking up different phases.
1 Corresponding author. E-mail: Andrei.Zaikin@int.fzk.de
Averaging over such random phases usually washes out
AB oscillations δG(Φ) with the period Φ0 in the pres-
ence of disorder [1]. There exists, however, a special
class of electron trajectories which interference is not
sensitive to averaging over disorder. These are pairs
of time-reversed paths which are also responsible for
the phenomenon of weak localization [2]. In disordered
rings interference between these trajectories gives rise
to non-vanishing AB oscillations with the principal pe-
riod Φ0/2. Such oscillations will be analyzed below in
this paper.
It is well established that interactions between elec-
trons and other degrees of freedom can lead to their
decoherence thus reducing electron’s ability to inter-
fere. Hence, AB oscillations can be used as a tool to
probe the fundamental effect of interactions on quan-
tum coherence of electrons in nanoscale conductors.
Recently it was demonstrated [3,4,5] that the effect of
quantum decoherence by electron-electron interactions
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can be conveniently studied employing the model of a
system of coupled quantum dots. This model embraces
practically all types of disordered conductors and al-
lows for a straightforward non-perturbative treatment
of electron-electron interactions. Very recently we em-
ployed a similar model in order to study the effect
of electron-electron interactions on AB oscillations in
nanorings with two quantum dots [6]. In this paper we
further extend the approach [6] to nanorings contain-
ing arbitrary number of quantum dots N . In the limit
of large N this system serves as a model for diffusive
nanorings.
The structure of our paper is as follows. In Sec. 2
we will address nanorings with two quantum dots [6].
For this simpler example we will specify our general
real time path integral formalism and recapitulate our
main results [6]. In Sec. 3 we will generalize our analysis
adopting it to nanorings consisting of many quantum
dots. The paper is concluded by a brief discussion in
Sec. 4.
2. Nanorings with two quantum dots
2.1. The model and basic formalism
In this section we will consider the system depicted in
Fig. 1. The structure consists of two chaotic quantum
dots (L and R) characterized by mean level spacing δL
and δR which are the lowest energy parameters in our
problem. These (metallic) dots are interconnected via
two tunnel junctions J1 and J2 with conductances Gt1
and Gt2 forming a ring-shaped configuration as shown
in Fig. 1. The left and right dots are also connected to
the leads (LL and RL) respectively via the barriers JL
and JR with conductances GL and GR. We also define
the corresponding dimensionless conductances of all
four barriers as gt1,2 = Gt1,2Rq and gL,R = Gt1,2Rq ,
where Rq = 2π/e
2 is the quantum resistance unit.
Following [6] we will assume that dimensionless con-
ductances gL,R are much larger than unity, while the
conductances gt1 and gt2 are small as compared to
those of the outer barriers, i.e.
gL, gR ≫ 1, gt1, gt2. (1)
The whole structure is pierced by the magnetic flux Φ
through the hole between two central barriers in such
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Fig. 1. The ring-shaped quantum dot structure under con-
sideration.
way that electrons passing from left to right through
different junctions acquire different geometric phases.
Applying a voltage across the system one induces the
current which shows AB oscillations with changing the
external flux Φ.
The system depicted in Fig. 1 is described by the
effective Hamiltonian:
Hˆ =
X
i,j=L,R
CijVˆiVˆj
2
+ HˆLL + HˆRL
+
X
j=L,R
Hˆj + TˆL + TˆR + Tˆ , (2)
where Cij is the capacitance matrix, VˆL(R) is the elec-
tric potential operator on the left (right) quantum dot,
HˆLL =
X
α=↑,↓
Z
LL
d3rΨˆ†α,LL(r)(HˆLL − eVLL)Ψˆα,LL(r),
HˆRL =
X
α=↑,↓
Z
RL
d3rΨˆ†α,RL(r)(HˆRL − eVRL)Ψˆα,RL(r)
are the Hamiltonians of the left and right leads, VLL,RL
are the electric potentials of the leads fixed by the ex-
ternal voltage source,
Hˆj =
X
α=↑,↓
Z
j
d3rΨˆ†α,j(r)(Hˆj − eVˆj)Ψˆα,j(r)
defines the Hamiltonians of the left (j = L) and right
(j = R) quantum dots and
Hˆj =
(pˆµ − ecAµ(r))2
2m
− µ+ Uj(r)
is the one-particle Hamiltonian of electron in j-th quan-
tum dot with disorder potential Uj(r). Electron trans-
fer between the left and the right quantum dots will be
described by the Hamiltonian
Tˆ =
X
α=↑,↓
Z
J1+J2
d2r
ˆ
t(r)Ψˆ†α,L(r)Ψˆα,R(r) + c.c.
˜
.
TheHamiltonian TˆL(R) describing electron transfer be-
tween the left dot and the left lead (the right dot and
the right lead) is defined analogously.
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Following [6] we will describe the time evolution of
the density matrix of our system by means of the stan-
dard equation
ρˆ(t) = e−iHˆtρˆ0 e
iHˆt, (3)
where Hˆ is given by Eq. (2). Let us express the opera-
tors e−iHˆt and eiHˆt via path integrals over the fluctuat-
ing electric potentials V F,Bj defined respectively on the
forward and backward parts of the Keldysh contour:
e−iHˆt =
Z
DV Fj T exp

−i
Z t
0
dt′Hˆ
h
V Fj (t
′)
iff
,
eiHˆt =
Z
DV Bj T˜ exp

i
Z t
0
dt′Hˆ
h
V Bj (t
′)
iff
. (4)
Here T exp (T˜ exp) stands for the time ordered (anti-
ordered) exponent.
Let us define the effective action of our system
iS[V F , V B ] = ln
„
tr
»
T exp

−i
Z t
0
dt′Hˆ
h
V Fj (t
′)
iff
× ρˆ0T˜ exp

i
Z t
0
dt′Hˆ
h
V Bj (t
′)
iff–«
(5)
Integrating out the fermionic variables we rewrite the
action in the form
iS = iSC + iSext + 2Tr ln
ˆ
Gˇ
−1˜ . (6)
Here SC is the standard term describing charging ef-
fects, Sext accounts for an external circuit and
Gˇ
−1 =
0
BBBBBBB@
Gˆ−1LL TˆL 0 0
Tˆ †L Gˆ
−1
L Tˆ 0
0 Tˆ † Gˆ−1R TˆR
0 0 Tˆ †R Gˆ
−1
RL
1
CCCCCCCA
. (7)
is the inverse Green-Keldysh function of electrons
propagating in the fluctuating fields. Here each quan-
tum dot as well as two leads is represented by the 2x2
matrix in the Keldysh space:
Gˆ−1i =
0
B@ i∂t − Hˆi + eV Fi 0
0 −i∂t + Hˆi − eV Bi
1
CA (8)
2.2. Effective action
Let us expand the exact action iS (6) in powers of
Tˆ . Keeping the terms up to the fourth order in the
tunneling amplitude, we obtain
Fig. 2. Diagrammatic representation of different contribu-
tions originating from expansion of the effective action in
powers of the central barrier transmissions: second order
(AES) terms (a) and different fourth order terms (b,c).
iS ≈ iSC + iSext + iSL + iSR − 2tr
h
GˆLTˆ GˆRTˆ
†
i
−tr
h
GˆLTˆ GˆRTˆ
†GˆLTˆ GˆRTˆ
†
i
. (9)
Here iSL,R are the contributions of isolated dots, the
terms∝ t2 yield the Ambegaokar-Eckern-Scho¨n (AES)
action [7] iSAES described by the diagram in Fig. 2a,
and the fourth order terms ∝ t4 account for the weak
localization correction to the system conductance [4,5].
It is easy to demonstrate [6] that after disorder av-
eraging iSAES becomes independent of Φ and, hence,
it does not account for the AB effect investigated here.
Averaging the last term in Eq. (9) over realizations
of transmission amplitudes and over disorder one can
show [6] that only the contribution generated by the
diagram (c) depends on the magnetic flux. It yields [6]
iSWLΦ = − igt1gt24π2NLNR
X
m,n=1,2
e2i(ϕ
(n)
g −ϕ
(m)
g )
×
Z
dτ1dτ2
Z
dt1...dt4CL(τ1)CR(τ2)
×ei(ϕ+(t2)−ϕ+(t3)+ϕ+(t4)−ϕ+(t1)) sin ϕ
−(t1)
2
×
»
h(t1 − t2 − τ1)ei
ϕ−(t2)
2 +
+f(t1 − t2 − τ1)e−i
ϕ−(t2)
2
–
×
»
h(t2 − t3 − τ2)e−i
ϕ−(t3)
2 f(t3 − t4 + τ1)−
−f(t2 − t3 − τ2)ei
ϕ−(t3)
2 h(t3 − t4 + τ1)
–
×
»
ei
ϕ−(t4)
2 f(t4 − t1 + τ2)+
+e−i
ϕ−(t4)
2 h(t4 − t1 + τ2)
–
+{L↔ R,ϕ± → −ϕ±}, (10)
where CL,R(t) the Cooperons in the left and right
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dots, f(t) =
R
f(E)dE/2π is the Fourier transform
of the Fermi function f(E) = (exp(E/T ) + 1)−1 and
h(t) = δ(t) − f(t). Here we also introduced the geo-
metric phases ϕ
(1,2)
g =
e
c
RR
L
dxµAµ(x), where the inte-
gration contour starts in the left dot, crosses the first
(ϕ
(1)
g ) or the second (ϕ
(2)
g ) junction and ends in the
right dot. The difference between these two geometric
phases is ϕ
(1)
g − ϕ(2)g = 2πΦ/Φ0. In addition, we de-
fined the “classical” and the “quantum” components
of the fluctuating phase: ϕ+(t) = (ϕF (t) + ϕB(t))/2,
ϕ−(t) = ϕF (t) − ϕB(t) where the phases ϕF,B(t) =
e
R t
dτ (V F,BR (τ )−V F,BL (τ )) are defined on the forward
and backward parts of the Keldysh contour.
The above expression for the action SWLΦ (10) fully
accounts for coherent oscillations of the system conduc-
tance in the lowest non-vanishing order in tunneling.
2.3. Aharonov-Bohm conductance
Let us now evaluate the current I through our sys-
tem. This current can be split into two parts, I =
I0 + δI , where I0 is the flux-independent contribution
and δI is the quantum correction to the current sen-
sitive to the magnetic flux Φ. This correction is deter-
mined by the action iSWLΦ , i.e.
δI = −e
Z
D2ϕ± δS
WL
Φ [ϕ
+, ϕ−]
δϕ−(t)
eiS[ϕ
+,ϕ−]. (11)
Below we will only be interested in finding the quantum
correction (11).
In order to evaluate the path integral over the phases
ϕ± in (11) we note that in the interesting for us metal-
lic limit (1) phase fluctuations can be considered small
down to exponentially low energies [8,9] in which case
it suffices to expand both contributions up to the sec-
ond order ϕ±. Moreover, this Gaussian approximation
becomes exact [10,11,12] in the limit of fully open left
and right barriers with gL,R ≫ 1. Thus, in the metal-
lic limit (1) the integral (11) remains Gaussian at all
relevant energies and can easily be performed.
This task can be accomplished with the aid of the
following correlation functions
〈ϕ+(t)〉 = eV t, 〈ϕ−(t)〉 = 0, (12)
〈(ϕ+(t)− ϕ+(0))ϕ+(0)〉 = −F (t), (13)
〈ϕ+(t)ϕ−(0) + ϕ−(t)ϕ+(0)〉 = 2iK(|t|), (14)
〈ϕ+(t)ϕ−(0)− ϕ−(t)ϕ+(0)〉 = 2iK(t), (15)
〈ϕ−(t)ϕ−(0)〉 = 0, (16)
where the last relation follows directly from the causal-
ity principle [13]. Here and below we define V = VRL−
VLL to be the transport voltage across our system.
Note that the above correlation functions are well fa-
miliar from the so-called P (E)-theory[7,15] describing
electron tunneling in the presence of an external en-
vironment which can also mimic electron-electron in-
teractions in metallic conductors. They are expressed
in terms of an effective impedance Z(ω) “seen” by the
central barriers J1 and J2
F (t) = e2
Z
dω
2π
coth
ω
2T
ℜ[Z(ω)] 1 − cos(ωt)
ω
, (17)
K(t) = e2
Z
dω
2π
ℜ[Z(ω)] sin(ωt)
ω
. (18)
Further evaluation of these correlation functions for
our system is straightforward and yields
F (t) ≃ 4
g
„
ln
˛˛˛
˛ sinh(πT t)πTτRC
˛˛˛
˛+ γ
«
, (19)
K(t) ≃ 2π
g
sign(t), (20)
where we defined g = 4π/e2Z(0) and γ ≃ 0.577 is the
Euler constant. Neglecting the contribution of exter-
nal leads and making use of the inequality (1) we ob-
tain g ≃ 2gLgR/(gL+ gR). We observe that while F (t)
grows with time at any temperature including T = 0,
the function K(t) always remains small and it can be
safely ignored in the leading order in 1/g ≪ 1. After
that the Fermi function f(E) drops out from the final
expression for the quantum correction to the current
[4,5,6]. Hence, the amplitude of AB oscillations is af-
fected by the electron-electron interaction only via the
correlation functions for the “classical” component of
the Hubbard-Stratonovich phase ϕ+.
The expression for the current takes the form
δI(Φ) = −IAB cos(4πΦ/Φ0)− IWL1 − IWL2, (21)
where the first – flux dependent – term in the right-
hand side explicitly accounts for AB oscillations, while
the terms IWL1,2 represent the remaining part of the
quantum correction to the current [4] which does not
depend on Φ.
Let us restrict our attention to the case of two iden-
tical quantum dots with volume V, dwell time τD and
dimensionless conductances gL = gR ≡ g = 4π/δτD,
where δ = 1/Vν is the dot mean level spacing and
ν is the electron density of states. In this case the
4
Cooperons take the form CL(t;x,y) = CR(t;x,y) =
(θ(t)/V)e−t/τD . We obtain [6]
IAB =
e2gt1gt2δ
2V
4π3
∞Z
0
dτ1dτ2e
−
τ1+τ2
τD
−F(τ1,τ2). (22)
where F = 2F (τ1)+2F (τ2)−F (τ1− τ2)−F (τ1+ τ2).
In the absence of electron-electron interactions this
formula yields I
(0)
AB = 4e
2gt1gt2V/(πg
2). In order to
account for the effect of interactions we substitute Eq.
(19) into Eq. (22). Performing time integrations at high
enough temperatures we obtain
IAB
I
(0)
AB
=
8><
>>:
e−
8γ
g
(2πTτRC)
8/g
1 + 4πTτD/g
, τ−1D . T . τ
−1
RC ,
1
2τD
“gτRC
T
”1/2
, τ−1RC . T,
(23)
while in the low temperature limit we find
IAB
I
(0)
AB
= e−
8γ
g
„
2τRC
τD
«8/g
, T . τ−1D . (24)
The above results demonstrate that interaction-
induced suppression of AB oscillations in metallic
dots with τRC ≪ τD persists down to T = 0. The
fundamental reason for this suppression is that the in-
teraction of an electron with an effective environment
(produced by other electrons) effectively breaks down
the time-reversal symmetry and, hence, causes both
dissipation and dephasing for interacting electrons
down to T = 0 [13]. In this respect it is also important
to point out a deep relation between interaction-
induced electron decoherence and the P (E)-theory
[7,15] which we already emphasized elsewhere [4,5].
3. Ring composed of a chain of quantum dots
Let us now turn to the central part of the present
work, i.e. to the analysis of AB oscillations in nanor-
ings composed of a chain of quantum dots, as shown in
Fig. 3. In the previous section we already demonstrated
that the dominant effect of electron-electron interac-
tions is electron dephasing fully determined by fluctu-
ations of the phase ϕ+. At the same time fluctuations
of the phase ϕ− turn out to be essentially irrelevant
for the whole issue. This conclusion is general being in-
dependent of the number of quantum dots in the ring.
Hence, in order address the problem in the many-dot
LL 1
2
RL
L+1
L
L+2
g
g
g
g
g
g
t
t t
t
Ф
N
Fig. 3. Ring composed of N quantum dots
configuration of Fig. 3 it suffices to ignore the fluctu-
ating field ϕ− and account only for the phase ϕ+. This
observation yields significant simplifications in our cal-
culation to be presented below. For simplicity we will
consider the case of identical quantum dots (with mean
level spacing δ and dwell time τD = 2π/(gδ)) coupled
by junctions with conductances gt and the Fano-factor
βt. Leads are coupled to the ring at the dots with num-
bers 1 andL+1 by junctions with conductance g. Inter-
ference correction to the conductance of n-th junction
was derived by means of the non-linear sigma-model
approach [3] which yields
δG1 = −e
2gtδ
4π2
∞Z
0
dt[βtCn,n+1(t)e
4piiΦ
NΦ0 +
+(1− βt)(Cn,n(t) +Cn+1,n+1(t)) +
+βtCn+1,n(t)e
− 4piiΦ
NΦ0 ], (25)
where Cm,n(t) is the Cooperon. The quantum correc-
tion to conductance of the whole system can be ob-
tained with the aid of the Kirchhoff’s law. For the case
Ng ≪ gt considered here one finds
δG =
NL(N − L)g2
(2Ngt + L(N − L)g)2 δg ≈
L(N − L)g2
4Ng2t
δG1.
(26)
In the absence of electron-electron interactions Cm,n(t)
satisfies the diffusion-like equation which reads
∂Cn,m(t)
∂t
+
2Cn,m(t)− Cn+1,m(t)e−
4piiΦ
NΦ0
2τD
−
−Cn−1,m(t)e
4piiΦ
NΦ0
2τD
= δn,mδ(t) (27)
in the case n 6= 1, L+ 1 and
∂Cn,m(t)
∂t
+
2Cn,m(t)− Cn+1,m(t)e−
4piiΦ
NΦ0
2τD
−
−Cn−1,m(t)e
4piiΦ
NΦ0
2τD
+
gδ
4π
Cn,m(t) = δn,mδ(t) (28)
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for n = 1 or n = L + 1. The solution of the above
diffusion equation can be represented in the form of the
“functional integral”, which has the following form:
C(0)n,m(t) =
∞X
k=|n−m|
ν(t)=mX
ν(0)=n
e
4pii(n−m+NW [ν(t)])Φ
NΦ0 ×
×
tZ
0
dtk
tkZ
0
dtk−1...
t2Z
0
dt1
e
− t
τD
(2τD)k
. (29)
Here the summation is performed over all discrete tra-
jectories with fixed endpoints andW [ν(t)] denotes the
winding number for a given trajectory.
Let us now include electron-electron interactions.
Taking into account only the V +-component of the
fluctuating field one can easily incorporate the ef-
fect of interactions into the above expression for the
Cooperon. One finds
Cn,m(t) =
∞X
k=|n−m|
ν(t)=mX
ν(0)=n
e
4pii(n−m+NW [ν(t)])Φ
NΦ0 ×
×
tZ
0
dtk...
t2Z
0
dt1
e
− t
τD
+ie
t∫
0
dτ(V+
ν(τ)
(τ)−V+
ν(τ)
(t−τ))
(2τD)k
, (30)
i.e. the fluctuating field V + just modifies the phases of
the electron wave functions. Averaging over Gaussian
fluctuations of V + we get
D
exp
h
ie
tZ
0
dτ (Vν(τ)(τ )− Vν(τ)(t− τ ))
iE
V+
=
= exp
h
−e2
tZ
0
dτ1dτ2(Fν(τ1),ν(τ2)(τ1 − τ2)−
−Fν(τ1),ν(τ2)(t− τ1 − τ2))
i
. (31)
Here Fm,n(t) = 〈V +m (t)V +n (0)〉V + defines the correla-
tor for fluctuating voltages.
In order to evaluate the Cooperon in the presence
of interactions let us first expand the exponent in Eq.
(31) in Taylor series, then perform the summation over
all trajectories and after that re-exponentiate the re-
sult. This procedure is equivalent to the substitution
〈〈eF 〉〉 → e〈〈F 〉〉 which – although not exact – is known
to provide sufficiently accurate results for the problem
in question at all time scales (cf., e.g., Ref. [16]).
Averaging over diffusive pathes is performed with
the aid of the diffuson Dm,n(t):
〈〈Fν(τ1),ν(τ2)(τ1 − τ2)〉〉 =
=
1
N
NX
m,n=1
Fm,n(τ1 − τ2)Dm,n(|τ1 − τ2|) (32)
As a result one finds [5]
Cm,n(t) = C
(0)
m,n(t)e
−F(t), (33)
where
F(t) = e
2
N
NX
n,m=1
tZ
0
dτ1dτ2Fm,n(τ1 − τ2)×
× (Dm,n(|τ1 − τ2|)−Dm,n(|t− τ1 − τ2|)) . (34)
The correlator for fluctuating voltages can be derived,
e. g., by means of the non-linear sigma model [3] which
yields
Fm,n(t) =
τD
N
NX
q=1
Z
dω
2π
e−iωtω coth
ω
2T
f(q)e
2piiq
N
(m−n)
ω2τ 2D + ε
2(q)
(35)
where
f(q) =
gtτDe
2
π
ǫ(q)
(4Cǫ(q) + Cg)2
, (36)
ε(q) = ǫ(q) +
gtτDe
2
π
ǫ(q)
4Cǫ(q) + Cg
(37)
and ǫ(q) = 1−cos 2piq
N
. As above, here C and Cg denote
respectively the junction and the dot capacitances.
Finally we specify the expressions for the diffuson
and the Cooperon in the absence of electron-electron
interactions. They read
Dm,n(t) =
τD
N
NX
q=1
Z
dω
2π
e−iωt+
2piiq
N
(m−n)
−iωτD + ǫ(q) . (38)
C(0)m,n(t) =
τD
N
NX
q=1
Z
dω
2π
e−iωt+
2piiq
N
(m−n)
−iωτD + ǫ(q − 2Φ/Φ0) .
(39)
The above equations are sufficient to evaluate the
function F(t) in a general form. Here we are primar-
ily interested in AB oscillations and, hence, we only
need to account for the flux-dependent contributions
determined by the electron trajectories which fully en-
circle the ring at least once. Obviously, one such tra-
verse around the ring takes time t ≥ N2τD. Hence, the
behavior of the function F(t) only at such time scales
6
needs to be studied for our present purposes. In this
long time limit F(t) is a linear function of time with
the corresponding slope
F ′(t ≥ N2τD) ≈
≈ 2e
2τ 2D
N
N−1X
q=1
Z
dω
2π
f(q)ǫ(q)ω coth ω
2T
(ω2τ 2D + ǫ
2(q))(ω2τ 2D + ε
2(q))
(40)
This observation implies that at such time scales
electron-electron interactions yield exponential decay
of the Cooperon in time
Cm,n(t) ≈ C(0)m,n(t)e
− t
τφ (41)
where
1
τφ
= F ′(t ≥ N2τD) (42)
is the effective dephasing time for our problem. In the
case Cg ≫ C and τD ≫ τRC ≡ 2πCg/(e2gt) from Eq.
(43) we obtain
1
τφ
=
8><
>:
δ
π
ln
4EC
δ
T ≪ 1/NτD,
πNT
3gt
T ≫ 1/NτD,
(43)
where EC = e
2/(2Cg). These expressions are fully con-
sistent with recent results [4,5] derived for chains of
quantum dots (or scatterers). It is also important to
emphasize that in the case of weakly disordered diffu-
sive conductors the expression for τφ (43) in the limit
of low T coincides with that obtained earlier within dif-
ferent theoretical approaches [13,14]. For further dis-
cussion of this point we refer the reader to Ref. [5].
Let us emphasize again that the above results for
F(t) apply at sufficiently long times which is appro-
priate in the case of AB conductance oscillations. At
the same time, other physical quantities, such as, e.g.,
weak localization correction to conductance can be de-
termined by the function F(t) at shorter time scales.
Our general results allow to easily recover the corre-
sponding behavior as well. For instance, at T ≫ τD
and t≪ N2τD we get
F(t) ≈ 4T
3gt
„
2π
τD
«1/2
t3/2 + ... (44)
in agreement with the results [5]. This expression yields
the well known dependence τφ ∝ T−2/3 which – in con-
trast to Eq. (43) – does not depend on N and remains
applicable in the high temperature limit.
To proceed further let us integrate the expression for
the Cooperon over time. We obtain
∞Z
0
Cm,n(t)dt =
=
τD
N
NX
q=1
e
2piiq
N
(m−n)
ǫ(q − 2Φ/Φ0) + τD/τφ + g/(gtN) , (45)
where the term g/(gtN) in the denominator accounts
for the effect of external leads and remains applicable
as long as Ng ≪ gt. Combining Eqs. (25), (26) and
(45) after summation over q we arrive at the final result
δGAB =
e2L(N − L)g2
2πNg2t
× (βtα+ 1− βt)(z
−N − cos(4πΦ/Φ0))√
α2 − 1(zN + z−N − 2 cos(4πΦ/Φ0))
, (46)
where α = 1 + τD
τφ
+ g
gtN
and z = α+
√
α2 − 1.
Eq. (46) is the central result of the present paper.
Together with Eq. (43) it fully determines AB oscilla-
tions of conductance in nanorings composed of metal-
lic quantum dots in the presence of electron-electron
interactions.
Expanding Eq. (46) in Fourier series we obtain
δGAB =
∞X
k=1
δG(k) cos (4πkΦ/Φ0) (47)
where
δG(k) = −e
2L(N − L)g2(βtα+ 1− βt)
2πNg2t
√
α2 − 1 z
−N|k| (48)
In the limit τφ ≫ τD we have z ≈ 1 +
p
2τD/τφ + ...,
hence δG(k) behaves as
δG(k) ∝ e
−N|k|
√
2τD
τφ , (49)
i.e. at hight temperatures log |δG| scales with N as
N3/2 while at low temperatures it scales as N . The
temperature dependence of the first three harmonics
of AB conductance in the presence of electron-electron
interactions is depicted in Fig. 4.
4. Discussion
The results obtained here allow to formulate quan-
titative predictions regading the effect of electron-
electron interactions on Aharonov-Bohm oscillations
of conductance for a wide class of disordered nanorings
embraced by our model. Of particular interest is the
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Fig. 4. Temperature dependence of the first three harmonics
of AB conductance for gt = 500, g = 30, N = 10, βt = 1
and τD/τRC = 120.
situation of large number of dots N ≫ 1 which essen-
tially mimics the behavior of diffusive nanostructures.
In order to establish a direct relation to this important
case it is instructive to introduce the diffusion coeffi-
cient D = d2/(2τD) and define the electron density of
states ν = 1/(d3δ), where d is a linear dot size. Then
we obtain with exponential accuracy:
δG(k) ∼
8><
>:
e−|k|(L/Lφ) T ≪ D/(Ld),
e−|k|(L/Lφ)
3/2
T ≫ D/(Ld).
Here we introduced the ring perimeter L = Nd and
the effective decoherence length
Lφ =
8>><
>>:
 
πνd3D
ln 4EC
δ
!1/2
T ≪ D/(Ld),
„
12νd2D2
T
«1/3
T ≫ D/(Ld).
Note in the high temperature limit T ≫ D/(Ld) the
above results match with those derived earlier for
metallic nanorings with the aid of different approaches
[16,17]. On the other hand, at lower T our results are
different. This difference is due to low temperature
saturation of τφ which was not accounted for in Refs.
[16,17]. A non-trivial feature predicted here is that –
in contrast to weak localization [13] – the crossover
from thermal to quantum dephasing is controlled by
the ring perimeter L. This is because only sufficiently
long electron paths fully encircling the ring are sensi-
tive to the magnetic flux and may contribute to AB
oscillations of conductance.
We believe that the quantum dot rings considered
here can be directly used for further experimental in-
vestigations of quantum coherence of interacting elec-
trons in nanoscale conductors at low temperatures.
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